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RIGIDITY OF SURFACES
WITH NO CONJUGATE POINTS

KEITH BURNS & GERHARD KNIEPER

Abstract

E. Hopf proved that any complete Riemannian metric with no conjugate

points on the torus T? is flat. We extend Hopf’s argument to obtain
sufficient conditions for metrics with no conjugate points on a cylinder
or the plane to be flat.

0. Introduction

A complete Riemannian manifold has no conjugate points if any two
points in its universal cover are joined by a unique geodesic. The no con-
jugate point property is a natural generalization of nonpositive curvature:
any manifold with nonpositive curvature has no conjugate points by the
Cartan-Hadamard theorem. In 1943 E. Hopf proved that a Riemannian
metric with no conjugate points on the torus T* must be flat [8]. The
present paper extends Hopf’s arguments to obtain sufficient conditions for
metrics on the cylinder S ' <R and the plane R® to be flat.

In the case of the cylinder, our main result—Theorem 2.2—is that a
cylinder with no conjugate points and curvature bounded from below is
flat if its ends do not open out, in other words if there is L > 0 such that
there is a nontrivial loop of length at most L based at every point. This
answers affirmatively a question raised in [6], where the result is proved
under the stronger assumption that the cylinder has no focal points. Our
method also shows that if the cylinder becomes thin as one approaches both
ends, then there must be conjugate points. As a consequence, a cylinder
with no conjugate points and curvature bounded from below has infinite
area. We do not know whether the lower curvature bound can be removed
in these results.
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In the case of the plane, we consider a version of Euclid’s parallel axiom:
we suppose that there is a constant a > 1 such that for every point p and
every geodesic y in P, there is a geodesic § with f(0) =p and

dist(B(f), y) < adist(B(¢), y) forallt,t.

Our result—Theorem 3.1—is that any metric on the plane satisfying this
axiom must be a flat Euclidean metric. An immediate corollary is the result
of Green and Gulliver [7] that a flat metric on the plane cannot be changed
on a compact set without introducing conjugate points. Other generaliza-
tions of Green and Gulliver’s result have been obtained by Innami [9],
[10] and Croke [3].

For surfaces with nonpositive curvature or no focal points all of the
above results are simple corollaries of the following result.

0.1. Flat Strip Theorem [4], [12], [5]. Let B and y be geodesics in
a simply connected manifold with nonpositive curvature or no focal points.
Suppose that B and y have finite Hausdorff distance. Then f and 7y
are the edges of a flat strip, i.e., an isometrically and totally geodesically
embedded copy of I x R.

The obvious generalization of this theorem to manifolds with no con-
jugate points is false; a compact two dimensional counterexample is con-
structed in [2]. This example does not, however, contradict the following
conjecture.

0.2. Conjecture. Let S be a simply connected surface with a complete
Riemannian metric with no conjugate points. Suppose that S is foliated by
a family of geodesics, any two of which have finite Hausdor(f distance. Then
S is flat.

All of the results of the present paper would follow easily if this conjec-
ture were true.

Work on this paper began while both authors were visiting the Univer-
sity of North Carolina as part of a special vear in differential geometry
sponsored by the University and the National Science Foundation. We
thank the University and the organizers, Pat Eberlein and Robbie Gard-
ner, for their hospitality. We also thank Chris Croke for the discussion
which led to Theorem 2.8, and the referee for a very careful reading of the

paper.

1. Preliminaries

Throughout this paper S will be a smooth surface with a complete
Riemannian metric. We shall always measure angles so that they take
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values in [0, n]. Let K be the Gaussian curvature and 7 the projection
from TS to S.If XCS, T' X will denote the set of unit vectors with
footpoint in X and 8' X the set of all unit vectors with footpoint in 8.X .
Unless otherwise mentioned, geodesics have unit speed. If v € T'S s Yo
is the geodesic with 7, (0) = v. The geodesic flow g’ on T'S is defined
by gt(v) = 7,(¢). Let v be the area defined on S by the Riemannian
metric and g the Liouville measure on T'S. Also A will denote the
measure that is the product of Lebesgue measure on the fibers of T'S with
the Riemannian length measure on a rectifiable one-dimensional subset of
S'; it will always be clear from the context which one-dimensional set is
intended.
We consider the scalar Jacobi equation along the geodesic 7, :

(L.1) Y'(t)+ K(2,t)y(t) = 0.

If N(t) is a continuous vector field normal to y,, then y(¢) is a solution
to (1.1) if and only if y(¢#)N(¢) is a Jacobi field along , .

L.1. Definition. Two points y,(¢,) and y,(¢,) are conjugate along 7y,
if there is a solution y(¢) of (1.1) that has y(f,) = 0 = y(¢,) and does
not vanish identically. The surface .S has no conjugate points if no pair
of points is conjugate along any geodesic.

It is well known that this definition is equivalent to the characterization
of surfaces with no conjugate points given earlier, that S has no conjggate
points if and only if any two points p and ¢ in the universal cover S are
joined by a unique geodesic y, , with y, (0)=p and y, (dist(p, q)) =
¢ . In particular, if .S has no conjugate points, exp ) Tp§ ~ Sisa

diffeomorphism for every p € S. Thus a simply connected surface with
no conjugate points is diffeomorphic to R?.

Let z(v, t) be the solution of (1.1) with z(v, ) =0 and z'(v, ) =1.
Then S has no conjugate points if and only if, for every v, z{(v, ) #0
when ¢ # 0. If there are no conjugate points along 7, , there is for each
s # 0 a well-defined solution y(v, s, t) of (1.1) with y{v,s,0)=1 and
y{v, s, s)=0. Moreover

y_(v,t)=limyw,s, ) and y,(v,0)= lim y(v,s,?)

are well-defined solutions of (1.1) with y" (0) < y,(0); see e.g. [8]. A
solution y of (1.1) with y(0) =1 has y(¢) > 0 forall ¢ <0 if and only if
y'(0) < y;(O) ,and has y(f) > 0 forall ¢ >0 if and only if ¥'(0) >y’ (0).
We call y_ and y, the stable and unstable solutions respectively of (1.1).
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Solving (1.1) by reduction of order shows that if y, has no conjugate
points, then

(1.2) z(v, )=y, (v t)/[—iiﬁl——
. s + 2 0 yi(,v , t,) .
The Riccati equation

(1.3) () + 2 (1) + K(3,) =0

is obtained from (1.1) by the change of variable u = y'/y. The times
t, < t, are consecutive zeroes of a solution y of (1.1) if and only if
the corresponding solution u of (1.3) is defined throughout (¢,, ¢,) and
u(t) —» oo as t \, ¢, and u(t) — —oo as t  t,. Thus there are no
conjugate points along y, if and only if (1.3) has a solution that is defined
for all ¢. If y, has no conjugate points, we set u_(f) = y; /v, (t) and
u_(6= y /y_(t). Itis clear that u, and u_ are the largest and smallest
solutions respectively of (1.3) that are defined for all ¢.

1.2. Proposition. Suppose that the surface S has no conjugate points.
Then the following hold.

(1) u,(-, ) are measurable functions.

(ii) ui(gtv, s)=u (v,s+1t) forall s and t.

(iti) If in addition K(p) > —b* forall p € S, then |u (v, 1) < b for
all (v, t). In particular, if u(t) is a solution of (1.3) with u(0) > b (resp.
u(0) < =b), then the corresponding solution y(t) of (1.1) vanishes for
some t <0 (resp. some t > 0).

Proof. See [8] or [1].

We set U =u_(-, 0). Our arguments are based on

1.3. Key Lemma. Suppose that Q is a compact subset of S whose
boundary is a piecewise smooth curve. Then

/U Ydu(v <27t/K(pdV +2/|U )l dA.

a'

Proof. Integrating the Riccati equation (1.3) shows that for any 7 > 0,

/ / (80, 0) + w2 (g'v, 0) + K(3,(1) dt du(v) =
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Since the Liouville measure u is g'-invariant, letting 7 — 0 gives

/ U w)dp) < - / K(nv) du(v)
T'Q T'Q

+ lim sup / / gv 0)dtdu|.

=0

(1.4)

Of course

/K (mv)du(v) = —27z/K(p dv(p).

T'Q
It follows from the invariance property (Proposition 1.2(ii)) of u, and
the g'-invariance of u that

// u (gv 0)dtdu = /{Ugv Uw)}du(v)

/ Uw)du(v /U(v du(v)

/ U(v)du(v).
g (T'QAT'Q
Observe that g (T Q)AT QcCcG (6 Q) & {g (v) cved'Q and It} <
7}. Define (0.8 QxR—»TS by ¢(v, t) = g'v. Then

[ [t 0adn < [ weiduw
! G'(2'Q)
<o [ [ jutgvaranw),
a'Q
where

D(7) = sup{|det Dp(v, 1)| : (v, 1) €' Q@ x [, —1]
and 9@ is smooth at zv }.

Since g’ is a unit speed flow, it is easily shown that lim sup,_,D(7) <1
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It follows that

—0

lim sup /%/ u;(gtv,O)a’ta’,u('u)
0
T'Q

< [timsup > [ U(H1drduw) <2 [ [U)1dz,
1—0 —1
3l a'g

since U(g'v) =u (v, 1) is a continuous (actually C*) function of ¢ for
each fixed v. q.e.d.

When we have the lower curvature bound K > _p? , we shall often
compare solutions of (1.1) with solutions of the scalar Jacobi equation in
constant curvature —b> using

14. Lemma. Suppose K,(t) > K,(t) for all t and y[t) is a solution
of

Y+ K, )y, () =0, i=1,2.
If 0 <y (0) =y,(0), 0<y(0) <y, (0) and y,(£) 20 for 0 <t <1,
then y,(ty) < y,(t,).

In particular, if K(y,(¢)) > —b? for all ¢ and there are no conjugate

points along y,, then

(1.5) 2w, 1) < %sinh(bt), £>0.

We also use two fundamental results of Leon Green; they are Theorems
2.1 and 3.1 of [6].

1.5. Lemma. Suppose there are no conjugate points along y, and
K(y,(2)) is bounded from below. Then z(v,t) — oo as t — co.

1.6. Proposition. Let S be a complete simply connected surface with no
conjugate points and curvature bounded from below. Let y be a geodesic
in §. Suppose {p,} is a sequence such that dist(p,, y(0)) — oo and
dist(p, , y) is bounded. Then

Fy0.5,(0) = #O).

In particular if B and y are two geodesics with B(0) = y(0) and B(0) #
7(0), then dist(f(¢t), y(t)) » x as t — x.

If § is simply connected and has no conjugate points, we can consider
the following notions of parallelism and asymptoticity for two geodesics
f and y in S

(1) dist(B(¢), y(2)) is constant;
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(ii) there is b > 1 such that dist(8(¢'), y(¢)) < b dist(8(z), y(¢)) for
all ¢ and ¢;

(11i) sup{dist(f(?), »(¢)):t € R} < o0;

(iv) B and y have finite Hausdorff distance;

(v) B and 7y do not intersect;

(vi) B is asymptoticto y,ie., B(0) =lim,_ ?p(O),y(z)(O)-

Note that for every geodesic y of .5, there is exactly one geodesic
asymptotic to y starting from each point of .S [5, Proposition 1]. Our
definition of asymptoticity follows [5] and is not the definition usually used
in the theory of manifolds with nonpositive curvature, namely that f and
y are asymptotic if sup {dist(S(¢), y(¢)) : t > 0} < 0. The two definitions
are equivalent in the context of manifolds with nonpositive curvature or
with no focal points. For such manifolds, the flat strip theorem shows that
(i) & (i) & (iii). It is not difficult to see that (iii)) & (iv) in any simply
connected manifold with no conjugate points, and it is trivial that (i) =
(i) = (iii). For surfaces with no conjugate points and curvature bounded
from below, Proposition 1.6 shows that (iii) = (iv), (v) and that y is
asymptotic to B . However neither (ii) nor (iii) implies (i), even if the
curvature is bounded from below [2].

Property (vi) characterizes surfaces with no conjugate points in the fol-
lowing way.

1.7. Proposition. Assume that S is simply connected. Then S has no
conjugate points if and only if, for any geodesic y and any point p not on
v, there is a geodesic B with B(0) = p that does not intersect 7.

Proof. Suppose that S has no conjugate points. Let v™ be the vectors
in Tp'S such that y, . is asymptotic to y and y, - is asymptotic to the
geodesic f — y(—t). Let v be the unit vector pointing from p towards
y(0). Let 4 be the connected open arc in the circle Tp1 S that contains v

and is bounded by v~ and v . If u e TplS , the ray y |[0, oo) intersects
y if and only if u € 4. Note that ~u ¢ A if u € A, for otherwise
7, would intersect y twice. Thus the open arc A4 lies in the interior of a
semicircle in Tp1 S ,and we can find w € Tp1 S with w ¢ 4 and —w ¢ A.
The geodesic g = y,, does not intersect y.

Conversely suppose that S has conjugate points. Choose a point p € §
that lies between a pair of conjugate points along some geodesic. Let p =
inf{r:d8(-r) and J(r) are conjugate along a geodesic § with 6(0)=p}.
Note that, for every u € TPIS, we have z(u,f) > 0 for 0 <t < p.
Since z is continuous and Tp1 S is compact, there is R > p such that
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z(u,t) >0 forall (u,t) e TPIS x (0, R]. Hence exp, is nonsingular
and injective on the ball B = {v € 7,5 : |lv|| < R}. Let g be the
metric on B that is the pullback by exp, of the metric on S. Choose a
geodesic J;, in § with 6,(0) = p and J,(—p) conjugate to J,(p) along

6,- Then So(t) def 150(0) is a geodesic of (B, g). Since 50(—/)) and
d,(p) are conjugate along J,, a geodesic of (B, g) that passes through
0,(—p) and makes a small (but nonzero) angle with J, will intersect d,
near 50( p);see[l11, 2.1.13]. Such a geodesic cannot pass through 0, since
this would contradict injectivity of exp, on B. Thus there is a geodesic
segment ¢ in (B, g) that joins 50(—/)) to 50(1) for some 7 € (0, R) and
does not pass through 0. Every geodesic in (B, g) that passes through 0
crosses ¢. Hence every geodesic in S that passes through p must cross
the geodesic segment ¢ = exp , oC . The extension y of ¢ to a complete
geodesic may contain p. Choose a point p’ that lies on 0, between the
endpoints of ¢ and does not lie on y. We can choose p’ so close to p
that exp, is nonsingular on B ={ve T,S:|v]l <R} and c lies in

exp, B’ . Then every geodesic that passes through p’ intersects y.

2. Cylinders with bounded cross section

Let C be a cylinder (S1 x R) with a complete Riemannian metric.
Let ¢ be a generator of #, (C) thought of as the group of covering trans-
formations acting as isometries on the Riemannian universal cover C of
C.

2.1. Definition. C has bounded cross section if there is L such that
dist(p, ¢p) < L forall p e C.

An equivalent statement is that there be a non-null-homotopic loop with
length < L based at each point of C.

2.2. Theorem. Suppose C has no conjugate points, curvature bounded
from below and bounded cross section. Then C is flat.

Proof. Choose b, L > 0 so that K(p) > —b* and dist(p, ¢p) < L
forall p e C . We shall show below that the function U = u +(-,0) isin
LZ(TIC) and satisfies [ Uz(v)du('u) = 0. This implies that U van-
ishes almost everywhere. It then follows from the Riccati equation (1.3)
that the curvature K vanishes almost everywhere. Since K is continuous,
C must be flat.

We first construct a geodesic 7, that has no self-intersections and joins
the two ends of C. To do this, choose an increasing sequence {K,}
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of compact subsets of C such that C = |J;_, K, and each C\K, has
precisely two components 4, and B, . Let g, be the shortest geodesic
segment joining a point in 4, to a point in- B, . Let y, be a geodesic
that is a limit of {g,}. Then p, is minimal and in particular has no self-
intersections. For any n > m, g  contains points of both the compact
subsets 84, and dB,,. Hence y, contains points of both d4,, and 3B,
for every m. Since y, is minimal, it follows easily that y,(s) approaches
one end of C as s — oo and the other end as s — —oc.

Choose a lift y, of y, to C. Let y, = g oy, . Since y, has no self-
intersections, y, and y, do not intersect. They bound a strip X that is a
fundamental domain for z,(C).

Let {(s) = dist(y,(s), y,(s)) . Note that I(s) < L forall 5. Let g, be
the geodesic of C with g,(0) = y,(s) and o (I(s)) = y,(s). We shall call
the segment of o, between y,(s) and y,(s) the cross section of X at s.
Two different cross sections of X cannot intersect: if s # s', the points
2 (s") and yz(s') lie on the same side of ¢, and so the geodesic segment
joining them cannot intersect o, . Let ¢, be the projection to C of the
cross section of X at s and let Tl(s) be the set of all unit vectors based
at points on ¢ . Note that

(2.1) MT'(s)) <2zl forall s.

Let a(s) = <(6,(0), ¥,(s)) and ,[i(s) = <(=a,({(s)), 7,(s)). Let &(s) =
€(6,(0), =7,(s)) =7 ~a(s) and B(s) = <(—6,(I(s)), —7,(s)) =7 — B(s).

Assume that s’ < s” and consider the set Q(s', s") C C consisting of
points that lie on or between ¢, and c,. Thelift of Q(s’, s”) to Z isa
quadrilateral with geodesic sides, whose interior angles are a(s”), ,[?(s") ,
a(s’) and B(s’). It follows from the Gauss-Bonnet theorem that

/ K(p)dv(p) = (27 — &(s") = B(s") = a(s') = BN},

which together with Lemma 1.3 implies that

| Codue s2mr- a6 - b - ats) - B
(2.2) T
+2 / \U(w)|dAw).

Tl (S’)UTI (S”)

Note that —27 < {2z —a(s")— B(s")—a(s') - B(s)} < 27 and |U(w)| < b
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for all v by (iii) of Proposition 1.2. It follows from this and (2.1) that

/ Uz(v) du(v) < 47* + 4mbL whenever s* < s
TlQ(SI ,S”)

Thus U e LX(T'C).

2.3. Lemma. There is © > O such that every cross section of T makes
angle at least © with y, and 7,.

Proof. 1In fact one can take

' bL
©= 3sinhbL’

We give the proof for the angle with 7, . For a given s, let ¢ be the
angle between o, and 7y, and set / = I(s). We have dist(c,(/), y,) <
dist(a,(/), y,(s + 1)), which in turn is less than the distance between these
points along the circle with radius / centered at ¢ (0). Comparison with
an arc subtending angle & at the center of a circle of radius / in constant
curvature —b> (using (1.5)) shows that

sinh bl sinhbL
TR YA

since / < L and x~'sinhx is an increasing function. Thus if 6 < ©, we
have

dist(a,(/), 7,) < g sinhbl =10

dist(y,(s), y,) = dist(a,(/), y,) < /3.
Choose s' so that dist(y,(s), yl(s')) < 1/3. Projecting from C to C
shows that y,(s) and yo(s’) are joined by a curve of length <//3. Since
¥, is a minimal geodesic, |s —s'| <1/3. Thus
. . . 2

I = dist(y,(s), 7,(5)) < dist(y,(5), 7,(s) +dist(r, (), () < T,
which is impossible. Hence 6 > ©.

24. Lemma. There are m, M > 0 such that, if s <" and f :
T'Q(s", s") = [0, 0o) is integrable, then

~

m[ [ roawas [ e
T(s) T'QG™ ,s%)
SM/IS /f(v)d,l(v)ds.
T'(s)

Proof. Set w(s,t)=0,(t),andlet y () be the length the projection of
(0w /0s) (s, t) onto the direction orthogonal to g,. Then p_ is a scalar
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Jacobi field along o . Since two different cross sections of X cannot
intersect, y () >0 for 0 << [(s).

To prove the lemma, it suffices to choose m and M so that m <
y,(t) < M whenever 0 <t <I(s). Since p,(s) = (dw/9s)(s,0) and

) = o {wis, )} = 5 (5, 1050) + L 99,465,

¥,(0) and y(I(s)) are the components orthogonal to g, of 7 (s) and
7,(s) respectively. It follows from Lemma 2.3 that
)

(2.3 sin® <y (0), y.(I(s)) < 1 for all s.

Let .
sin®

m=———.
coshbL

Suppose that for some s we have y () < m for ¢ € [0, I(s)]. Since
m < sin®, the function y|[0, /(s)] must attain its infimum at a time
ty € (0, [(s)) where its derivative vanishes. Comparison with constant
curvature —b® gives ¥,(0) < y(¢,) cosh bty < mcoshbL < sin©, which
is impossible. Thus y (f) > m whenever 0 < < [(s).

Let u () = y.(t)y; ' (¢). If u,(0) > b, then y(f) vanishes for some
t < 0 by (iii) of Proposition 1.2. Similarly if u (/(s)) < —b, then y ()
vanishes for some ¢ > [(s). But y (¢) vanishes at most once. From this
and (2.3) we see that

(i) ¥.(0) <by(0)<b,or

(i) yy(1(s)) = —by,(I(s)) > —b. _
Suppose (i) holds. Comparing with constant curvature -b* and using
Lemma 1.4 show that y (¢) < &% for ¢ > 0, since % is the solution of
the initial value problem y"(¢) — b2y(t) =0, y(0)=1, y'(0)=b. Hence

ys(t) < ebl < ebl(s) < €bL

for 0 < ¢t < I(s). A similar argument leads to that if (ii) holds and
0<t<I(s), then

3

y(l(s) —n<e <

Thus we can take M = e~ g.e.d.

We are now ready to prove that [r.. v? du(v) = 0. In fact we shall

show that, if 5, > 0 and 0 < ¢ < 10z, there are 5= < —s, and s> Sy
such that

(2.4) / U(v)du(v) < e.
T'OGs™ ,s%)
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Choose s; > s, large enough so that s, > 1,

22
2 2 m &
(2.5) [ Vwduw > [ U0 duw) - i
T'Q(-s, ,s,) T'C
and
82
(2.6) e (s - V&7 ) 25 > L.

It is convenient to say that s is good if

[ wwidiw < 5.
T'(s)

We choose s € [s;>2s,] and s~ €[-2s,, —s,] so that they are good.
Since s; > 1, the next lemma shows that this is possible.

2.5. Lemma. Both of the sets {s€ls, 3s,]: s is not good } and
{se [—3s,, —s,1:s is not good } have length at most VS -

Proof. We consider the first set; the other case is similar.

me— -length { s € [s,, 3s,] : s is not good }

20
3s,
Sm/ / |U(v)|dA(v)ds
Ui
< / |U(v)|du(v) by Lemma 2.4
TlQ(s],3sl)
1/2 1/2
< / V) du() / 1du(v)
T'Q(s, , 3s,) T'Q(s,,3s))
1/2
me 3% by (2.5) and
S WD M/s, /1‘”(”)"3 Lemma 2.4
'(s)
me
< ———/4nLMs, by (2.1
< d0vaLi v Oy 2D

=m- 28—0 5. g.e.d.
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Since s* and s~ are good, (2.2) gives

| Uwduw) <2m2n - a6 - BT - alsT) - B + 5.
T'Q(s™,s%)
Thus (2.4) will hold if

] sty e £ _ - < i
(2.7) m—-4a(s)=-B(s") < 5e and T—a(s )— B )< o
Suppose that 7 — a(s™) — B(s™) > ¢/(57), or equivalently that
+ + £
T—afls)— B(s )<—§.
Under this assumption, we shall show that

3s, ,
/ I'(s)ds > L,

+

which is impossible, since 0 <7 < L. Suppose that s > s* is good. Since
st is also good, (2.2) with ' =s* and s” =s gives that

0 < 27{27 — &(s) — B(s) —a(s™) = B(sT)} +2 /' |U(v)| dA(v)

T'(sHuT!(s)
. - g g
<2n{n—a(s)—ﬂ(s)—§}+§,
so that
A() 4+ B e & _,_ &
(28) a(S)+B(S)<7T—§+m—7T 107[

Since &(s) and B(s) are both nonnegative, (2.8) implies

. 5 €
(2.9) ja(s) = B(s)l <7 — {5~
It follows from the first variation of arclength formula that

(2.10)  I'(s) = cosa(s) + cos B(s) = 2 cos &(s) _; AGs) cos &(s) ;B(S).

It is clear from (2.8), (2.9) and (2.10) that if s > s* is good, then

2 2
’ .2 & 2 & &
> — > s U _ &
[(s) 2 2sin 20n_2{n20n} 507t
since 0 < & < 10z, and sinx is convex for 0 < x < n/2. Even if s is
not good, we have 1'(s) > —2. From these estimates and Lemma 2.5 we
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see that if 0 < ¢ < 107, then

3s 2
/ l I'(s)ds > ¢ 7 length{s € [s*, 3s,]: s is good }
st 50n
— 2length{s € [s*, 3s,]: s is not good }
2

> (Sl_\/ﬁ)_z\/ﬁ

~ 507*
> L,

by (2.6). Since this is impossible, 7 — &(s*) — B(s*) < &/(57). A similar
argument shows that = — a(s™ ) — (s ) < ¢/(5x). Thus (2.7) is true,
which completes the proof of the theorem.

We now show that the above theorem can be viewed as a special case
of Conjecture 0.2.

2.6. Lemma. Suppose C has no conjugate points, curvature bounded
from below and bounded cross section. Then every point of C lies on a
geodesic whose Hausdorff distance from y, is bounded.

Proof. It is enough to show that every point of X lies on a geodesic
that does not leave X. Since C has bounded cross section, 7, and y,
have finite Hausdorff distance. It is obvious from this and Proposition 1.6
that a geodesic that starts at a point in X stays in X for all time if and
only if it does not cross y, . Proposition 1.7 implies that every point of X
lies on a geodesic that does not intersect y, .

2.7. Definition. The cylinder C is constricted if there are sequences
p, and ¢, such that p diverges to one end of C, g, diverges to the
otherend of C and lim,_,_ I/(p,) =0=1im, ,__I(q,).

2.8. Theorem. Let C be a cylinder with curvature bounded from below
that is constricted. Then C has conjugate points.

Proof. Assume that C has no conjugate points. We use the same nota-
tion as in the proof of Theorem 2.2. Since C is constricted, liminf ___ I(s)
= 0. Either there is s, such that I'(s) <0 for all s> s, or there is not.
In the first case, lim _, _/(s) = limsup,_, I'(s) = 0. In the latter case,
we can choose s: — oo such that / has a local minimum at each s: and
/ (s;r) — 0 as n — oco. In either case we obtain a sequence s: — oc such
that / (s;r) — 0 and 1'(s: ) — 0. In a similar way we can choose a sequence
s, — —oo such that /(s,) — 0 and 1'(sn_) — 0. It is clear from (2.10)

n

that &(s7)+ f(s)) — = and a(s, )+ (s, ) = = as n— co. By (2.2), we
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have

/ UX(v) du(v) < 22{2m — &(s7) - Bsh) — alsT) - B(s))}
TG ,57) '

n

+4nb{l(s, ) +1(s})} =0,

as n — co. Hence [ Uz(v)du(v) = 0. It follows as in the proof of
Theorem 2.2 that C is flat. But then /(s) is constant, which is impossible
if C is constricted.

2.9. Corollary. Let C be a cylinder with curvature bounded from below
and finite area. Then C has conjugate points.

3. Planes with “parallel” geodesics

This section contains the proof of

3.1. Theorem. Let P be the plane R? with a Riemannian metric.
Suppose that there is a constant a > 1 such that for every point p and
every geodesic y in P, there is a geodesic f§ with B(0)=p and

(3.1) dist(B(1), y) <a dist(B(t),y) forall t, ¢t .

Then g is flat.

We shall say that the geodesic S of P is “weakly parallel” to y if
(3.1) holds. Note that if £ is “weakly parallel” to y, then either £ is a
reparametrization of y or f does not intersect .

3.2. Lemma. Let P be as in Theorem 3.1. Then the following hold.

(i) P has no conjugate points;
(ii) y_=y. along every geodesic;
(iii) y_(v,t)<ay_(v,t) forall v and all t and t' . In particular P

has the bounded asymptote property of [5].

Proof. (1) follows easily from Proposition 1.7.

We now show that (iii) holds whenever ¢ < ¢. If not, there are >t >
t, > 0 and an orthogonal Jacobi field along a geodesic y with | Y (z,)[ >
al|lY(¢))|l and Y(z3) = 0. Thus there is a geodesic 6 with d(¢;) = y(t;)
and dist(d(¢,), y) > adist(é(¢;), 7). But this is impossible, because one
of the geodesics “weakly parallel” to y would have to cross & twice.

Next we show that z(v, ) —» oo as t — oo for every v € T'P. Since
v, (v, t)=y_(-v, —t), it follows from the above that

(3.2) y.(v, 1) > a“1y+(v ,')  whenever t>1 .
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In particular, y_(v, ) > a~' whenever ¢ > 0. It is clear from this and
(1.2) that z(v, ) — 00 as ¢t — oo if [ (¥, (v, t))_2 dt diverges. If this
integral converges, there is a sequence ¢, — oo such that y_(v, ¢,) — co.
Then it is clear from (3.2) that y_(v, ¢) — oo as ¢ — oo, and it follows
easily from (1.2) that z(v, t) — co.

Now suppose that (ii) is false. Then we can find v and a solution
of the scalar Jacobi equation (1.1) such that y(0) = 1 and ¥’ (v, 0) <
y'(0) < y;(v, 0). It is clear that y(¢) > O for all ¢+ and y(f) — oo as
t — +oo. Thus we can choose {_ < 0 <7 _ and a geodesic ¢ such that
6(¢_), 6(0) and &(z,) are all on the same side of y, and dist(d(z,), 7,) >
adist(6(0), 7,) . But this means that one of the geodesics “weakly parallel”
to y, crosses J twice, which is impossible. Thus (ii) holds.

It follows easily from (ii) and the fact that (iii) holds when ¢ < ¢ that
(iii) holds for all ¢ and ¢'.

3.3. Lemma.

@) a! <y (v,t)<a forall v and t;

(ii) alt< z(v,t) < a’t forall v and t;

(ii1) there is B > 1 such that, if v is a Jacobi field along a geodesic y
of P and y(t) >0 for t, <t<t,, then

B™ min{y(t,), y(t,)} < y(t) < B max{y(t,), ¥(1,)},
Jor t, <1<ty

(iv) if y and & are unit speed geodesics with the same initial point and

<(7(0), 6(0)) =y, then
wit
2na

L < dist(z(2), 6(0) < 'y,

forall t>0.

Proof. (i) This is immediate from Lemma 3.2.

(i1) This follows from (i) and (1.2).

(iii) Let z, be the scalar Jacobi field along y with z,(¢,) = 0 and
z)(t;) = (=1)'""'. The sign of z,(;) is chosen so that z,(¢) > 0 for

t, <t<t,.Let j denote the element of {1, 2} thatis not i. Then
2P () + y(t;) =) /y_(t)}y_(1)
y_() z(1)

where y  is the stable scalar Jacobi field along y. We can choose i so
that the coeflicient of z,(¢) is nonnegative. Then we have, for 7, << t,,

o) > —y%y_m > o™ min{y(1,), ¥(t,)}

MOES z(t) fori=1,2,
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by (i). Also (i) and (ii) imply that for 7, <t <¢,,

y(t) <

y(t
<ay(t)+ ‘_—(L‘flf—t-l
i 3 I
a “(t,—t)

< 24" max{y(1,), y(t)}.

Thus we can choose B = 2a°.

(iv) The upper bound follows from (ii). For the lower bound, let r
and 6 be polar coordinates about y(0), so that §/8r is the unit vector
field pointing away from p(0) and, along each ray starting from y(0),
0/06 is the perpendicular Jacobi field with |§/06] = z. By (ii), we
have ||0/80]| > a_3t/2 outside the circle about »(0) with radius #/2.
Thus any curve from y(¢) to &(¢) that lies outside this circle has length
at least a >yt /2. But any curve from y(¢) to &(¢) that goes inside this
circle has length at least ¢. Since ¥/n <1, we see that dist(y(z), 6(¢)) >
wt/ (2a37r).

3.4. Lemma. Suppose that B is “weakly parallel” to y. Then there is
a unique ¢ € {-1, 1} such that

(3.3) dist(B(f), y(et)) < 3adist(B(t), y(et))  forall t,¢ .

The proof is based on i
3.5. Lemma. Suppose that f is “wgakly parallel” to 9. Then there is

a unique & € {—1, 1} such that dist(S(s), §(és)) is uniformly bounded.
Furthermore

dist(B(s), 7(&s)) < 3adist(B(0), #(0))  forall s.

Proof. Lemma 3.2(i) tells us that every geodesic in P is minimiz-
ing. It follows that dist(B(s), 7(s)) and dist(8(s), 7(—s)) cannot both be
uniformly bounded, for then we would have dist(§(s), #(—s)) uniformly
bounded, which is impossible for a minimizing geodesic.

Since B is “weakly parallel” to j, there is a function 7 : R — R with

7(0) = 0 such that for all s,

(3.4) dist(B(s), 7(z(5))) < adist(B(0), 7) < adist(8(0), 7(0)).
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For any s, and s,, we have
|[7(s;) — 7(sy)| = dist(P(z(s,)) , 7((s;)))
< dist(§(t(s,)), B(s))) + dist(B(s,), B(s,))
+dist(B(s,) , 7(7(s,)))
< s, —s,| + 2adist(B(0), 7(0)),
and similarly
Is) = 8,1 < [7(s,) = 7(s,)| + 2a dist(8(0), 7(0)).
It follows easily that there are £ € {-1, 1} and ¢ € R such that

(3.5) lés + ¢ — 1(s)| < adist(8(0), 7(0)) for all s.
Setting s = 0 gives
(3.6) le| < adist(8(0), 7(0)).

Combining (3.4), (3.5) and (3.6) shows that for all s,

dist(B(s), 7(&s)) < dist(B(s), #(x(5)))
+ dist(7((s)), 7(&s + ¢)) + dist((€s + ¢), $(&s))
< 3adist($(0), 7(0)).

Proof of Lemma 3.4. By Lemma 3.5, there is a unique ¢ € {—1, 1}
such that

(3.7) dist(B(£), y(et)) < 3adist(8(0), y(0))  forall ¢.

Now consider the geodesics /?t and J, defined by /?t(s) = B(t+s) and
P,(s) = y(et + &s). The geodesic /;’l is “weakly parallel” to %, and it is
clear from (3.7) that, for each ¢, dist([fl(s) , 7,(s)) is uniformly bounded
for all s. It follows from Lemma 3.5 that for all s and ¢,

dist(B,(s), 7,(s)) < 3adist(8,(0), 7,(0)) = dist(B(1), »(et)).

Setting s = £ — ¢ gives us (3.3).
3.6. Definition. The geodesics « and f are “parallel” if

dist(a(?), B(£)) < 3adist(a(t), (f))  forall ¢,

and “antiparallel” if « is “parallel” to ¢t — S(—t).

It follows from Lemma 3.4 that for every point p and every geodesic y
of P there is a geodesic 8 with B(0) = p that is “parallel” to y. Lemma
3.3(iv) shows that this uniquely determines . Moreover S is (up to
reparametrization) the unique geodesic through p that does not cross y
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transversally. We see that “weak parallelism” is an equivalence relation
(in particular symmetric) and two geodesics are “weakly parallel” if and
only if they are “parallel” or “antiparallel”. We also see that “parallelism”
is a continuous relation in the following sense: if v, — v in T'P and
each y, 1is “parallel” to a given geodesic y, then y, is “parallel” to y.

We use this to introduce coordinates on P. Choose a point p, to be the
origin. Choose geodesics y, and y, with y,(0) = p, = 7,(0). Let T'y(r, )
be the geodesic “parallel” to y, with I',(r, 0) = y,(r). Let I',(s, -) be the
geodesic “parallel” to y, with T',(s, 0) = y,(s) and 1“1 (s, 0) on the same
side of y, as 7 (0). Define the coordinates x! and x? so that Ir,")
and I'/(s, -) meet at the point with coordinates (7, s).

These coordinates are C'. To see this, note that geodesics asymptotic
(in the sense defined in §1) to y, do not intersect y, transversally. It
follows easily that T',(r, -) is the geodesic through y,(r) that is asymptotic
to y,. Since P has bounded asymptote by Lemma 3.2(iii), Proposition 5
and Theorem 1 of [5] imply that fz(r, 0)isa C ! function of r; similarly
fl(s, 0) isa C ! function of s. It follows easily that the coordinates are
c'. '

3.7. Lemma. Thereis n such that 0 < n<=n/2 and

n<<(d/0x',0/0x)<n—7

everywhere in P.
Proof. Let w(p) be the angle between 8/8x1(p) and 8/8x2(p). For
i=1,2and +>0,let g,(p, f) be the point obtained by moving distance

¢ in the x’-direction from p. Note that y(p,) = #/2 and q,(p,, ) =
7;(t) . Let

dy(1) = dist(7,(1), 7,(1)) and d (1) = dist(¢,(p, 1), (P> 1))-

- It follows from Lemma 3.3(iv) that

dy(t) > 4403 and d (1) <a’y(p)t forall 1>0.

On the other hand, |d,(#) —d,(?)] is uniformly bounded for all ¢, since

and 7,(-) and ¢,(p, -) are “parallel” geodesics. Thus a3w(p) >1/ (4(13) ,
and therefore w(p) > 1/ (4a6) . A similar argument can be applied to the
angle between 8/8x1 and —3/3)62 to show that = — w(p) > 1/(4(16).
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38. Lemma. Let A = a/sinn, and y; be the length of the projection

of 8 /Bxi onto the direction orthogonal to the curves x' = const. Then the
Jollowing hold for all pe P and i=1, 2.
i) 47 <yp) <a;
(i) @™ <[8/0x'(p)|| < 4;
(iii) a”' < |lgrad,x’| < 4.
Proof. Let j be the element of {1, 2} that is not i. Observe that if
B ; is a geodesic “parallel” to 7, then y;o B ; is a scalar Jacobi field along
B ; that never vanishes. Since y = y_ along ﬂj , ¥ 0 ﬂj is a multiple
of the stable solution y_. It follows from Lemma 3.2(ii) that if 7, is the
time when S ; crosses ¥;, then

(3.8) a”'y 0 Bi(ty) <y;0 B(t) <ay;oB(ty)  forall ¢
Thus by Lemma 3.7 we have
(3.9)  sinnl|8/ax @)l < v,(p) < 18/0x'(p)|  forall pe P.

Since we chose x' so that ite] /Bxi|| =1 along y,, part (i) of the lemma
follows from (3.8) and (3.9). Part (ii) follows from (i) and (3.9). Part (iii)
follows from (i), since ||gradpxi|| = yi(p)‘1 .

3.9. Definition. Let 7(r) = {p : —r < xl(p), xz(p) < r} be the
“square” defined by the coordinates.

3.10. Lemma. Forany r > 0, the “square” 5 (r) satisfies

M8 P (r) < 16m4r,

IFo<r <v and ¢:T' (") = [0, 0o) is integrable, then

% / / $(v)dA(v)dr < / $(v) du(v)

9L (r) TP ")\ (r'))
rll
SA/I /q&(v)d,l(v)dr.
’ 8'P(r)

Proof. This follows easily from the previous lemma.

3.11. Proposition. U € LZ(P).

Proof Let f(r) = fy g, U'(v)dA(v). Then by Lemma 3.10 and
Lemma 1.3 applied to #(R) we see that
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‘y(R
<21 / K(p)dv(p) +2 / V)| dA(v).
F(R) ' F(R)

Since #(R) has geodesic sides and four interior angles between 0 and =,
- [ kwave) <2m,
F(R)

by the Gauss-Bonnet theorem. On the other hand, Holder’s inequality and
Lemma 3.10 imply that

1/2 1/2

/ U(v)] dA(v) < / 1 di(v) / U*(v) dAv)
8' FZ(R)

' F(R) 8' F(R)
<V16mAR\/ f(R).
Hence

/ " 1) dr < 4n* 4+ 84VTARIR)
0

Lemma 3.12 below now shows that f € Ll([O, 00)). It follows from
Lemma 3.10 that

/ U (v) du(v) < A/oof(r) dr < .
! 0

3.12. Lemma. Let f:[0, 00) — [0, 00). Suppose there are C,, C, >
0 such that

/Rf(r)dr§C1+C2 Rf(R) forall R>0.
0

Then
R
/ f(ndr<C, forall R>0.
0

R
Proof. Let F(R) = / Sf(r)dr —C, . Suppose that F(R;) > 0. Then
0

F(R)< C!RF'(R) and F(R)>0 forall R>R,,
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and hence
c? o o
R<InR +—2— - 2 < R, forall R> R
InR<In °+F(R0) FR) S <lIn +F(R) ora >R,

which is impossible.

3.13. Lemma. |x2(l"2(r, sH > A_1|s| forall r and s.

Proof. 'This follows from Lemma 3.8(ii), since I'y(r, ) is parametrized
by arclength and is always tangent to 0/ ax’.

3.14. Lemma. Suppose r' <" . Then forall s,

dist(T,(r', 5), T,(r", 5)) < 3a(r" - 7).

Proof. l"z(r', -) is “parallel” to l"z(r" ,+) and dist(l"z(r',O) , l"z(r",O))

1" !
=r —r.

3.15. Lemma. There is © > 0 such that for any v, r" and s with
r' < 1", the geodesic through T(r', s) and T,(r", s) crosses T,(r', ) and
L,(+", ) with angle at least ©.

Proof. Let o be the geodesic segment from l"z(r', s) to I‘z(r", s).
Then length(o) < 3a(r” — r') by the previous lemma. Suppose that o
makes angle less than 1/(6a*4) with I, ) or l" , ). Then by
Lemma 3.3(iv), there are points p' on l"z(r', -) and p” on l"2(r , *) with
dist(p’, p”) < (1/24)(*" — ¥'). From this and Lemma 3.8(iii) it follows

that
2

(") - X" @) <A2{4<r"—r’> =201,
which is impossible, since xz(p") =r" and xz(p') =

3.16. Proposition. Given r, > 0 and ¢ € (0 10xz), there is a set &
such that @ 2 F(r,) and fT@ (v)du(v) <

Proof. The set & will be the convex hull of four points, F2(r+, sh,
L,(r,s%), Ty(r,s7) and T,(r", s7), with ¥~ < —ry, r" >r), 57 >
Ary and s~ < —Ar,. It is obvious from the first two inequalities that &
will contain .#(r,) if neither the side joining I,(r", s*) to T,(r",s")
nor the side joining I')(r", s*) to I,(r~,s”) intersects #(r,). But this
is clear, because the coordinate x? is a monotone function along these
edges (in fact along any geodesic), and it follows from Lemma 3.13 that
|x2| > r, at all four corners of & .

Choose p > 1 large enough so that

2
€

507*

(3.10) (p—3)—2>12,
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Choose r, > r, large enough so that

2
3.11 / U2 (v) du( /U i
(3-11) uv  64004°%7p
and
2 .2
(3.12) / U2 (v) du(v /U - — LSO
1600 - 24B anp

T .%(r,/2)

where the constants 4, B and © are defined in Lemma 3.8, Lemma
3.3(iii) and Lemma 3.15 respectively.
We now choose r*. For ' <r", let

(") ={p:r <x'(p) <" and — pr, <x*(p) < pr},

and let 77(r) be the set of all unit vectors with footpoint on the geodesic
segment %Z(r, r) which joins I',(r, —pr,) to I')(r, pr;). We see from
Lemma 3.8 that

MZ(r)) <4mpAr  forall r,

and, if ¥ <" and ¢: T'% (r', r'") = [0, o0) is integrable, then

A/ /¢ v)dA(v)dr< / $(v) du(v <A/ /¢ di(v

7(r) T'%Z( ,r'") 7(r)

Choose r* e [r,, 2r,] sothat / [U(v)|dA{v) is as small as possible.
7 (r")

Since

F(r, 2r)NF(r[2)=0C
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we obtain

2rI
/ IU(v)ldi(v)s% / | wediwyar

7 () L7
A
<2 [ Wwelduw
1.%(rl,2r1)
1/2 1/2
A 2
<= U (v)du(v) / 1du(v)
! F(r,,2r) F(r,2r)
12 172
A 5 2r,
< / U (v)du(v) A/ / 1dA(v)dr
U lae 2 )
A
<E 2 JA-r 4mpar, by (3.11)
ry 804°/mp

il

B

In a similar way, we choose r € [-2r,, —r,] so that

| wwdi) < 4.
7(r7)

Now we prepare to choose s* and s~ . Let y_ =T,(r ,-) and y, =

1“2(r+ ,-) - Let I(s) = dist(y_(s), 7, (s)) and let ¢, be the geodesic segment
from y_(s) to y_(s), parametrized by arclength so that ¢ (0) = y_(s) and
c,(I(s)) = v, (s). Let F(s) be the set of all unit vectors with footpoint on
¢, . Observe that, by Lemma 3.14 we have

(3.13) I(s)<3a-(rF=r) < 12ar, and /1(71(5*)) < 24nar,.

We shall say that s is good if

| &

[ Wwediw) < 35,

THs)

o
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3.17. Definition. If s' <s”,let £(s', s”) be the closed set bounded
by y_, y,, ¢y and ¢

318. Lemma. If s’ <s” and ¢:T'@(s',s") — [0, ) is integrable,
then

B—lsina/ls /qS(v)dA(v)dsg / $(v) du(v)
TNs) )

T‘@(S’ , S”

<B / [ swarwas,
Fs)

where B is the constant defined in Lemma 3.3(iii), and © is the angle
defined in Lemma 3.15.

Proof. Set y(s, t) =c/(t) andlet y(f) be the length of the projection
of (0w /ds)(s, t) onto the direction orthogonal to ¢ . Then y, is a scalar
Jacobi field along c¢; that does not vanish for 0 <z < /(s). It suffices to
show that for every s, we have B 'sin® <y () <B for 0<t<Ks).

Since $ (s) = (8w /ds)(s, 0) and :

d

7,(5) = T (s, 1) = S5 (s, 1(5)) + L (5),1(5)),

¥,(0) and y ({(s)) are the components orthogonal to ¢, of the unit vectors
7_(s) and 7 _(s). It follows from Lemma 3.15 that

sin®@<y(0)<1 and sin® <y (I(s)) < 1.

Thus by Lemma 3.3(iii), B 'sin® < y ()< B for 0<¢<I(s). qed.
Choose s, so that

(3.14) s, > Ar,.

It is clear from Lemma 3.13 that &(—s,, s;) 2 &(r|) . Hence Z(s,, ps,),
@(~ps,, —s;) and & (r,/2) are pairwise disjoint.

3.19. Lemma. Both of the sets {s € [s,, ps;] : s is not good} and
{se[-ps,, —s;]1:5 is not good} have length less than s, .
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Proof. We consider the first set. Since &(s,, ps,) NS(r,/2) =<,

B 'sin®. 48—0 -length{s € [s,, ps,]: s is not good }

ps
< B_lsin®/ l / |U(v)|dA(v)ds by Lemma 3.18
s

< [ welduw)
T'@(s, . ps;)
1/2 1/2
< / U (v) d u(v) / 1du(v)
T'é?"(s1 ps;) : T'é?'(sl,psl)

~!sin® by (3.12), (3.13)
40\/m V B ps, - 24nas, and Lemma 3.18
=B 'sin®. 40 -8y
This completes the proof for the first set; the other case is similar.

The previous lemma shows that we can choose s* € [s;,,25,]and s €
[-2s5,, —s,] so that they are good; our desired set & is &(s shY.

Let a(s) = <(¢,(0), 7_(s)) and d(:v) = <((0), =7_(s)) = — afs).
Let B(s) = «(=¢,(I(s)), 7,(s)) and B(s) = «(=¢(I(s)), =7, (s)) = 7 —
afs). Since &(s',s”) is a geodesic quadrilateral with interior angles
as"y, BGs"), a(s’) and B (s'), it follows from the Gauss-Bonnet the-
orem that

- [ K@ dve) = 2r-a6") - B - als) - BG)
FACI
Note that 61@(s', shcerz vz (yu ?l(s') UYI(S") . We see from

our choice of r~ and r*, thatif 5" and s” are both good, then

£
U@ di(@) < 75

F:) IC?(SI ,S”)
which together with Lemma 1.3 implies that if s’ and s” are both good,
then

(3.15) / U2<v)du<v)s2n{2n—d<s”)—B(s”)—a<S’)—ﬂ<S')}+%
T'ei s
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In particular, we will have / U 2(1)) du(v) <e if

T'Z
(3.16) m—a(st) - BsT) < Sin and  m—oa(s) - B(sT) < 58—
Suppose that 7 — a(s*) — (s*) > &/(57), or equivalently that
7 —a(st) = BsT) < -%

Under this assumption, we shall show that
sy
/ I'(s)ds > 12ar,
S+

which contradicts (3.13). Suppose that s € [s", ps;] is good. Since st s
also good, (3.15) with s = s* and s” =s shows that

0 < 2n{2n — a(s) - B(s) — als™) = B} + 2
<2m{m-al) - B) - o=} + <
and hence

. p £ € £
(317) a(s)+ﬂ(s)>n+§—10—n—n+m.
As in §2, we have I'(s ) = cosa(s) + cos B(s) and it follows from this
and (3.17) that if s € [s*, ps,], then I'(s) > 82/(50n4) if s is good and
I'(s) > =2 evenif s is not good. We see from these estimates and Lemma
3.19 that, if 0 <& < 107,

s 2
/ 1 I'(s)ds > ¢ 7 length{s € [s*, ps;]:s is good }
s 507

+

— 2length{s € [s*, ps,]: s is not good }
&2

504{p 2)s, — 8} — 25,

> 125, by (3.10)
> 124r, by (3.14)
> 12ar,.

Since this contradicts (3.13), we must have 7 — a(s*) — B(s7) < &/(57).
A similar argument shows that 7 — a(s ) — f(s) < &/(5n). Thus (3.15)
is true, which completes the proof of the proposition.
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Proposition 3.13 implies that U vanishes almost everywhere. It now
follows in the same way as in the proof of Theorem 2.2 that the curvature
vanishes everywhere.
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